We study models of late-time cosmic acceleration in terms of scalar-tensor theories generalized to include a certain class of non-linear derivative interaction of the scalar field. The non-linear effect suppress the scalar-mediated force at short distances to pass solar-system tests of gravity. It is found that the expansion history until today is almost indistinguishable from that of the ΛCDM model or some (phantom) dark energy models, but the fate of the universe depends clearly on the model parameter. The growth index of matter density perturbations is computed to show that its past asymptotic value is given by 9/16, while the value today is as small as 0.4.
I. INTRODUCTION
Since the discovery of cosmic acceleration various possibilities have been explored to account for this mystery. Probably the most conservative possibility is that the accelerated expansion arises from a cosmological constant or some unknown dynamical field (e.g., a quintessence) [1] . Instead of introducing a new component in "T µν " one may alternatively consider that dark energy is geometric, i.e., modification to general relativity (GR) at long distances is responsible for cosmic acceleration. The latter class of models includes scalar-tensor theories, f (R) gravity [2] , and the Dvali-GabadadzePorrati (DGP) braneworld [3, 4] .
A difficulty in modifying GR at long distances lies, however, on short distance scales; a new scalar gravitational degree of freedom, which commonly appears in geometric dark energy models, must be tamed carefully in order to pass the stringent tests of gravity in the solar system [5, 6] . Two main ways of hiding the scalar degree of freedom are known to exist. The first one is to make the scalar effectively massive in the vicinity of matter. This is called the chameleon mechanism [7] and is utilized in viable f (R) models [8] . The second way is decoupling the scalar from matter in the vicinity of the matter sources. This is known as the Vainshtein mechanism [9] , and the DGP braneworld offers a nice example that implements it by a non-linear self-interaction in the kinetic term. See also a recent paper [10] for yet another way of suppressing the scalar-mediated force.
Inspired by the DGP braneworld, a class of scalartensor theories of gravity has been explored that enjoys self-screening of the scalar-mediated force in the vicinity of matter due to non-linear derivative interactions. Such a scalar degree of freedom is called the Galileon field in the original proposal [11] , because the equation of motion for the scalar φ is invariant under ∂ µ φ → ∂ µ φ + b µ on † Present address: Research Center for the Early Universe (RESCEU), Graduate School of Science, The University of Tokyo, Tokyo 113-0033, Japan * Email: tsutomu"at"resceu.s.u-tokyo.ac.jp
Minkowski spacetime. The Galileon scalar-tensor theories have been covariantized and a general form of the Lagrangian in curved spacetime has been considered in [12] 1 (see also [13, 14] ). The resultant equations of motion have only second derivatives of the fields, and hence the Galileon theories are in some sense similar to Lovelock gravity [15] . Cosmology based on a Galileon field has been studied in Refs. [16] [17] [18] .
In this paper, we study aspects of Galileon cosmology in terms of a certain wider class of the Lagrangian than previously studied. The action we consider is of the form
where φ is the Galileon field and the coupling λ(φ) has dimension of length. Matter (represented by the Lagrangian L m ) is universally coupled to gravity in the Jordan frame. The gravitational field equations derived from (1) are
and the equation of motion for the Galileon field is given by
Upon covariantization the original symmetry under ∂µφ → ∂µφ+ bµ is lost. However, covariant Galileon Lagrangians are uniquely determined by requiring that the equations of motion have only second derivatives of the fields. Thus, the name "Galileon" may be misleading and inappropriate. Nevertheless, we use the name in this paper because no other name is as good as "Galileon."
where a prime denotes differentiation with respect to φ. In what follows we shall consider the particular case with ω = const and λ 2 ∝ φ α , where α may be positive and negative. The self-accelerating de Sitter universe of [17] corresponds to the subclass α = 0. We are going to study the modified gravity theory with general α as a possible alternative to a cosmological constant or dynamical dark energy. Accelerating cosmologies from a scalar field non-minimally coupled to gravity without the non-linear derivative interaction have been studied extensively in [19, 20] .
Since the background expansion history in successful modified gravity is by definition almost identical to that of the standard ΛCDM model or other dynamical dark energy models, it is important to study the growth history of perturbations as a tool to distinguish modified gravity from models with a cosmological constant or dark energy. We compute the growth index of matter density perturbations [21, 22] in Galileon cosmology, which is known to be a powerful discriminant among models of cosmic acceleration [23] [24] [25] .
The paper is organized as follows. In the next section we study the background evolution of Galileon cosmology derived from the above action. Then, in Sec. III, we discuss the growth density perturbations in Galileon cosmology, paying particular attention to the growth index. The final section is devoted to conclusions.
II. COSMIC EXPANSION IN GALILEON THEORIES
Let us start with investigating the background evolution of Galileon cosmology in the presence of cold dark matter. It is convenient to define a new field by φ = (M 2 Pl /2) exp(σ). For a flat Friedmann-RobertsonWalker universe, ds 2 = −dt 2 +a 2 (t)dx 2 , the gravitational field equations are
and the Galileon field equation is
Here, an overdot represents differentiation with respect to t and H(t) :=ȧ/a is the Hubble expansion rate. The energy density of cold dark matter, ρ m , is conserved in the Jordan frame,ρ m +3Hρ m = 0. The Friedmann equation (4) can be written in the form
where the effective dark energy density ρ eff is defined as
We assume that H
, where H 0 is the Hubble rate at present. At early times, H −2 ≪ λ 2 , Eq. (6) is approximately solved to give
where we used H ≈ 2/3t. (To be precise, this is the consequence of ρ m ≫ O(ρ eff ), which will be verified shortly.) From this we see that if the variation of λ is small over the Hubble time scale,σ is constant and σ ≈σt ≈ 2σ/3H. Note that with the rescaling of M Pl we may set σ(t = 0) = 0. Two branches of solutions are present,σ > 0 andσ < 0, but it turns out that the negativeσ branch is plagued with ghost instabilities and only the positiveσ branch is healthy [16] (see the Appendix). We therefore focus on the case witḣ σ > 0 in this paper. In this early-time regime, we have
, so that the usual matter-dominated universe is indeed consistently reproduced, 3M
. This is the cosmological version of the Vainshtein effect [16] . It is worth noting that forσ > 0 the effective dark energy density is negative in the initial stage. The behavior ρ eff ≈ −4Hσ ∼ −H/λ reminds us of the modified Friedmann equation in the normal branch of the DGP model [4] .
We then consider the late-time evolution of Galileon cosmology. To be more specific, we study the case with ω = const and
The model with ω = 0 and α = −1 was studied in Ref. [16] . It was shown in Ref. [17] that the model with ω < −4/3 and α = 0 allows for a late-time de Sitter solution, mimicking the ΛCDM model. We generalize the result of [17] and show that the more general class of models described by (10) can give rise to the cosmic expansion history similar to the ΛCDM model. For general α one finds that Eq. (5) admits the following solution:Ḣ
where
In order for s to be real, we require ω < −(2−α)(4+α)/6. This includes the parameter range in which the scalar field would be a ghost in the usual Brans-Dicke theory, i.e., ω < −3/2, but the situation is drastically changed by the introduction of the non-linear derivative interaction and the model does not suffer from the pathology (see the Appendix). For negatively large ω, we have s ∼ O(|ω| −1/2 ) ≪ 1 and hence |Ḣ/H 2 | ≪ 1, leading to a quasi-de-Sitter expansion. The Hubble rate is explicitly given by H = (αst + C) −1 , where C is an integration constant. Equation (4) with ρ m = 0 gives λ 2 (σ)H 2 = (2 + s)/s 3 . The scale r c must be tuned to satisfy this relation.
The solution (11) is our candidate for the future asymptotic solution. In order to work out the background evolution from the beginning of the matter-dominated stage and to see the future asymptotic behavior of the cosmological solution, Eq. (5) and (6) are solved numerically with the initial conditions given by the above earlytime solution. In Fig. 1 we show the dimensionless physical distance, r(z) := H 0 z 0 dz ′ /H(z ′ ), for ω = −500 and various α. Here, z is the redshift and the present time t 0 is determined from ρ m /3M that will be investigated shortly. One can confirm that the initial deviation ofσ from the value given by Eq. (9) does not change the result. The effective equation of state, w eff := −ρ eff /3Hρ eff − 1, is shown in Fig. 2 for ω = −500 and various α. We plot the range t t 0 so that we can see the asymptotic behavior 1 + w eff → −2Ḣ/3H 2 ≈ αs/3. A phantomlike behavior is found at low z, but 1 + w eff gets positive eventually for α > 0, crossing the phantom divide. Therefore, the phantom-like behavior is temporary and the big rip singularity can be avoided in this case. In contrast, 1 + w eff remains negative in the future for α < 0, leading to the singular fate of the universe, H → ∞.
Since ρ eff ∝ H ≈ 2/3t at early times, we have w eff → −1/2 as z → ∞. The effective dark energy density is negative initially and evolves into ρ eff > 0 at lower z, which implies that ρ eff crosses zero at some z = z * and we have w eff → ±∞ as z → z ± * . However, this divergence is an artifact of the definitions of ρ eff and w eff and no anomaly is seen in the evolution of H(z). The whole behavior of w eff is most similar to what is found in the normal branch of the DGP braneworld with the additional cosmological constant or a quintessence field on the brane [26] [27] [28] .
III. DENSITY PERTURBATIONS A. Some preliminaries
In various dark energy models and modified gravity models the governing equations for the homogeneous background and the cold dark matter density perturbation δ can often be written in the form
Here, ξ = ξ(t) represents the ratio of the effective gravitational coupling "G eff " to
Pl )], which in general differs from unity. 2 We shall show in the next subsection that the perturbation equation indeed takes the form of (14) in Galileon theories. Before going to the analysis of the specific cases of Galileon modified gravity, we explain how we can characterize the growth of density perturbations that follows from Eqs. (13) and (14) .
We are going to study the growth index γ of density fluctuations. The growth index is defined via the growth rate f = d ln δ/d ln a as
where Ω m (a) = ρ m /(3M 2 Pl H 2 ). This quantity was pioneered by [21, 22] , and it turned out that γ is a powerful and useful discriminant among different models of cosmic acceleration as γ has a different but almost constant value depending on the model [23] [24] [25] . For instance, γ ≃ 0.55 for the ΛCDM model and γ ≃ 0.68 for the DGP model. The purpose of this subsection is to rederive the useful formula for the asymptotic value of γ, γ(z → ∞) =: γ ∞ [24] .
In terms of the the growth factor, g(a) := δ/a, Eq. (14) can be written as
2 The effective gravitational coupling may depend on the scale k, but we do not care about this point as we are not interested in the power spectrum of δ in this paper.
We now introduce the new variable defined by
In another way, it is written as y = ρ eff /ρ m . In terms of y Eq. (16) can be written as
In order to focus on analytically tractable cases, we consider the regime in which the following two assumptions are valid. The first assumption is that ζ = const and henceζ = 0. If dark energy is a fluid whose equation of state is w = const, then ζ = −3w and the assumption is valid over the whole history of the universe after matter domination. 4 If instead the accelerated expansion is cause by modification of gravity, ζ is not constant in general, but at early times (y ≪ 1) it is often good to approximate ζ = const.
The second assumption is that ξ can be approximated by ξ − 1 = Ay + .... We do not consider the case where the leading term is given by y n with n < 1, because if so then δ cannot have the desired early-time behavior δ ≈ a (i.e., g ≈ 1). If the leading term is y n with n > 1 or ξ = 1 exactly, we neglect the effect of this term and set A = 0. An interesting example for which A = 0 is the DGP braneworld model [24, 29, 30] .
Within the range of the validity of the above two assumptions, the solution to Eq. (18) is given by g = 2 F 1 (α + , α − ; 1 + 5/(2ζ); −y)
The expression in the second line of Eq. (19) is sufficient for our purpose. However, the expression in the first line might be useful if one considers the model with ξ = 1 (i.e., A = 0) and ζ = const over the whole history of the universe after matter domination because the expression in terms of the hypergeometric function then gives the exact solution [31] [32] [33] [34] . Now the asymptotic value of the growth index can computed as γ ∞ = − ln(1 + ζd ln g/d ln y)/ ln(1 + y)| y→0 = −ζdg/dy| y→0 . Thus, we obtain [24] 
B. Growth of matter density perturbations
We now turn back to Galileon modified gravity and study the growth index of density perturbations. The metric perturbations in the Newtonian gauge is written as
The perturbed energy-momentum tensor of cold dark matter is given by
and the perturbation of the Galileon field is described by σ → σ(t) + δσ(t, x). From the traceless part of the gravitational field equations we immediately obtain
This is in contrast to the relation one finds in general relativity, Φ = Ψ. We are going to investigate the subhorizon evolution of the comoving density perturbation, δ := (δρ m − 3Hδq m )/ρ m , by employing the quasi-static approximation. The quasi-static approximation was first introduced in [35] in the context of quintessence cosmological models and then was applied to various theories of modified gravity [20, 30, 36] . The approximation amounts to ∇ 2 X/a 2 ≫ H 2 X HẊ,Ẍ, where X = Φ, Ψ, δσ, and
Although the full cosmological perturbation equations are involved [18] , the quasi-static approximation simplifies the field equations to
The first equation is derived from the Galileon equation of motion and the second from the gravitational field equations. Note that the above equations are independent of the detailed structure of the coupling function λ 2 (σ) in the sense that they do not include the terms (λ 2 ) ,σ and (λ 2 ) ,σσ . Using Eqs. (24)- (26) we obtain the modified Poisson equation,
The perturbed energy-momentum conservation equations, δ ∇ ν T ν µ = 0, yield
Equations (29) and (31) are combined to give the evolution equation for the density perturbation δ in the Galileon models [16, 17] , which is of the form (14) with
We have ξ−1 ≪ 1 initially, and then ξ increases with time, leading eventually to ξ − 1 = O(1) today. This effect enhances the growth rate of density perturbations [17, 18] .
As we already have the formula (21) it is easy to compute the asymptotic growth index γ ∞ analytically. At early times we have λ 2σ2 ≈ 1/3, e σ ≈ 1 + 2σ/3H, and F ≈ 8H/3σ. Noting that y = ρ eff /ρ m ≈ −4σ/3H, we find ξ ≈ 1 + O(y 2 ) and d ln y/d ln a ≈ 3/2. This corresponds to ζ = 3/2 and A = 0 in the formula (21) . We thus arrive at
This is certainly different from the ΛCDM value, γ ∞,ΛCDM = 6/11 = 0.5454..., but unfortunately the difference is only 3 percent. The value is also different from the DGP value, γ ∞,DGP = 11/16, because of the different rate of time-variation in the effective gravitational coupling. Numerical solutions to Eq. (31) with Eq. (29) are also easy to obtain. Solving the background equations first as was done in the previous section and then integrating the perturbation equation under the initial condition δ ≈ a at t ≈ 0, we have computed the growth index numerically. The results are presented in Figs. 3 and 4 . One can confirm that the asymptotic value is indeed given by γ ∞ = 9/16. Since Ω m (a) = 1 when ρ eff = 0, we have γ → ±∞ as z → z ± * . Similarly to the behavior of w eff at z = z * , this is an artifact of the definition and the evolution of δ is not ill-behaved. The detailed behavior at lower z depends upon the parameters ω and α, but typically, γ is as small as ∼ 0.4 due to the enhanced growth of density perturbations. Such a small value of γ due to the enhanced growth of δ is also reported in some f (R) gravity models [37] . 5 In any case, the growth index shows a distinct feature compared to the ΛCDM model and other modified gravity models such as selfaccelerating DGP braneworld.
IV. CONCLUSIONS
In this paper, we have studied a class of Galileon cosmology, i.e., cosmology in the Brans-Dicke theory with the non-linear derivative interaction of the form [λ 2 (φ)/φ 2 ](∇φ) 2 2φ with λ 2 (φ) ∝ φ α . Thanks to this term in the Lagrangian, the Vainshtein mechanism works and the scalar-mediated force is screened near matter sources. The Vainshtein mechanism operates in the cosmological context as well, leaving the cosmic expansion history indistinguishable from the usual matterdominated universe. Moreover, we have illustrated that modification to gravity due to the Galileon field can be responsible for the late-time acceleration of the universe, closely mimicking the ΛCDM model or rather phantom dark energy models. We have clarified that the late-time asymptotics depends on α: a future big rip singularity occurs for α < 0, while the phantom-like behavior is only temporal and we eventually have w eff > −1 for α > 0. The result here is the generalization of the selfaccelerating de Sitter universe found for α = 0 in [17] . We have also investigated the growth history of density perturbations in Galileon cosmology. The asymptotic growth index was obtained analytically as γ ∞ = 9/16, which was confirmed numerically. The growth index today was found to be γ ∼ 0.4. The behavior of the growth index is thus a clear discriminant among Galileon scalar-tensor gravity, the ΛCDM model, and the DGP braneworld.
the one used in [16] . Our σ is related to π in [16] as σ → −2π/M Pl .) Following Ref. [17] we neglect the friction term (∝δ σ) and the effect of metric perturbations on small scales to obtain the evolution equation for δσ:
where F is defined in Eq. (30) and G := 3 + 2ω + λ 2 12Hσ + 2σ 2 + 3λ 2σ4 − 4(λ 2 ) ,σσ 2 .
(Full perturbation equations are found in the Appendix of Ref. [18] .) It is easy to check that for H 2 ≫ 1/λ 2 Eq. (A2) reduces to the equation of motion derived from the action (A1). The condition for avoiding ghost instabilities is given by G > 0. We also require c 2 s := F /G > 0 so that the Galileon field is perturbatively stable. Both are satisfied in our numerical examples presented in the main text thanks to the non-linear term in the Lagrangian (see Fig 5) . Note that the sound speed c s can be greater than the speed of light, but that is a temporary behavior. Superluminal propagation might indicate pathology and is claimed to be problematic in Refs. [38] [39] [40] [41] . However, some authors argue that propagation faster than light does not necessarily lead to problems [42] [43] [44] . Thus, whether a theory with superluminal propagation is viable or not is still a controversial issue. We see that c 2 s → 0 as z → −1 and no particular behavior is found at the phantom divide crossing.
